In many cases, R = S, and we have R ⊂ S Hence, there is a need to represent R as a union of Cartesian products of consecutive integer subsets of S d to I store the underlying transition matrix compactly I implement analysis methods efficiently using Kronecker products N-model: Parallel service system with 2 customer types, 2 queues, 2 server pools, threshold routing control policy (Bell, Williams, Annals of Appl. Prob. '01) Type 1 can be in queue 1, server pool 1 or 2 Type 2 can be in queue 2 or server pool 2 x = (x 1 , x 2 , x 3 , x 4 , x 5 ), where D = 5
x 1 : # of type 1 in queue 1 (x 1 ∈ Z ≥0 ) x 2 : # of type 2 in queue 2 (x 2 ∈ Z ≥0 ) x 3 : # of type 1 in pool 1 (x 3 ∈ {0, . . . , N 1 }) x 4 : # of type 1 in pool 2 (x 4 ∈ {0, . . . , N 2 }) x 5 : # of type 2 in pool 2 (x 5 ∈ {0, . . . , N 2 })
When x 1 > M (threshold), type 1 has nonpreemptive priority over type 2 in pool 2 
Conclusion
Gelenbe Symposium-Imperial College-London 22 September 2015 -5 / 35 Q = {Q (1) , . . . , Q (K) } is said to be a Cartesian product partitioning of the multi-dimensional reachable state space R if
It is NP-complete to partition a 3-dimensional orthogonal polytope P ⊆ R 3 ≥0 into a minimum # of hyper-rectangles (Dielissen, Kaldewaij, Inf. Proc. Letters '91) Then it is NP-complete to partition R ⊆ Z D ≥0 , D ≥ 3 into a minimum # Cartesian products of sets of consecutive integers Proof: Given an orthogonal polytope P ⊆ R D ≥0 , D ≥ 3 for which the problem is NP-complete −→ Thru xformation, obtain orthogonal polytope O ⊆ R D ≥0 that is a union of the same minimum # of hyper-rectangles as P −→ Thru xformation, obtain R ⊆ Z D ≥0 that can be partitioned into a # of Cartesian products of consecutive integers equal to the # of hyper-rectangles into which O can be partitioned Two partitions in a Cartesian product partitioning of R are said to be mergeable if their union is also Cartesian product of sets of consecutive integers
) and (max(X 1 ), . . . , max(X D )) are said to be the end states of the partition
It is sufficient to keep the end states of the partitions in order to Unit distance graph of R is the undirected graph for which I vertex set is R I there is an edge between two states in R if the distance between them is 1 Let G = (R, E) be a subgraph of the unit distance graph of R Two edges (x, x + δ i ), (x, x + δ j ) ∈ E are said to be conflicting if 
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The edge set Z ⊆ E is a separator if I each edge in Z is incident to a state in U and a state in V I subgraphs induced by the sets U and V are each connected I there does not exist two states x, y ∈ R such that Algorithm 2. Refinement based algorithm to compute a Cartesian product partitioning Q of given D-dimensional reachable state space R G(R, E) ← unit distance graph of R; Construct and insert separators Z of G to priority queue PQ; While PQ is non-empty, Z max ← maximum priority separator of PQ; Remove separators intersecting with Z max from PQ; Insert intersecting separators to list L; E ← E \ Z max ; Reconstruct separators in L and insert separators with priority > 0 to PQ; Q ← ∅; Two groups of test problems:
I R of Markovian models from literature I Randomly generated R with known minimal Q Minimal Q of problems from literature computed exhaustively using graph obtained after removing all separators
In random test problem generation: 
